In this study we investigated the kinematics of electromagnetic fields with various configurations of the magnetic and electric fields in systems with spherical and cylindrical symmetry using the exact solutions to the diffusion equation for the electromagnetic field in systems with moving boundaries. In the class of self-similar solutions we determined analytically conditions for the amplification of the electromagnetic field as functions of material velocity and electric conductivity. We investigated also the effects of the amplification of an electromagnetic field during propagation of a spherical shock wave in a dielectric material whereby the shock wave causes transformation of a material into a conductor.
I. INTRODUCTION
One of the most efficient methods for generating strong and ultrastrong magnetic fields is the compression of magnetic flux in conducting systems. Examples of such systems are conducting metallic shells ͑see, e.g., Ref. ͓1͔ and references therein͒, conducting liquids or strongly ionized mediums, e.g., plasma produced after the shock wave front ͑see, e.g., Refs. ͓2,3͔͒. A mechanism of the amplification of a magnetic field is associated with a negative work performed by ponderomotive forces. Thus, the necessary condition for an amplification of a magnetic field reads ͑for details see Refs. ͓4-6͔͒:
where u ជ (r ជ ,t) is a local velocity of a conducting medium, j ជ (r ជ ,t) is a density of an electric current, and H ជ (r ជ ,t) is a magnetic field. Although the physical nature of these phenomena is quite transparent, it is not always easy to determine the conditions for the amplification of a magnetic field. The reason is that the boundary conditions together with the symmetry of an electromagnetic field yield certain kinematic restrictions. Condition ͑1͒ is not always satisfied for a given configuration of an electromagnetic field, e.g., it is not valid in a case of an imploding conducting cylinder with electric current distributed across the whole cross section and directed along the axis of the cylinder. For an electric current with an azimuthal symmetry ‫ץ‬ j z /‫ץ‬ϭ0 where is an azimuthal coordinate, this conclusion is quite evident. Indeed, it follows from the effect of z-pinch of plasma or of a cylindrical conductor ͑see, e.g., Ref. ͓7͔͒ whereby ponderomotive forces act to compress a conductor and, therefore, perform a positive work during its implosion. In a case without an azimuthal symmetry, condition ͑1͒ does not allow to predetermine the feasibility of generating a magnetic field.
In systems with a finite electric conductivity, condition ͑1͒ is not sufficient since in this case the power of ponderomotive forces must be larger than a joule dissipation rate ͑for details see Ref. ͓7͔͒ . Another problem arising when investigating the feasibility of generating a magnetic field is that in many cases a compression of a magnetic flux is caused by a shock wave which transforms a material into a conducting state ͑see, e.g., Refs. ͓2,3͔͒. Here before the shock wave front a material is dielectric while after the shock wave front it becomes a conductor. The velocity of a shock wave differs from the material velocity while the power of the pondermotive forces is determined by a material velocity and not by the velocity of a shock wave. Therefore, the condition for an amplification of a magnetic field under a given shock wave velocity implies a certain relation between the velocity of a shock wave and a material velocity.
Since theoretical and experimental studies on generating strong and ultrastrong magnetic fields by compressing magnetic flux inside have been performed for many years, there is a large number of publications in this field ͑see, e.g., Refs. ͓1,8͔ and references therein͒. However, most of the theoretical studies employ electrotechnical approximations or simplified electrodynamic schemes which are not satisfactory as far as a self-consistent solution of the corresponding boundary value problem for the electromagnetic fields is concerned ͑see, e.g., Refs. ͓9,10͔͒.
Among the studies where this problem is considered selfconsistently, we must mention the studies in Refs. ͓11,12͔. The study in Ref. ͓12͔ investigates the dynamics of an azimuthal magnetic field H in an ideally conducting plasma with z-pinch symmetry while in Ref. ͓11͔ a finite electric conductivity plasma with the geometry of a -pinch is analyzed. In both cases plasma occupies a cylindrical domain Ͻ (t) ͓ (t) is a boundary of a cylindrical domain͔ and its electric conductivity is determined by a temperature with a self-similar distribution. On the other hand, for practical applications it is of interest to consider an amplification of a magnetic field when plasma occupies a domain Ͼ (t) while a region Ͻ (t) is occupied by a stationary dielectric material. Solution of the latter problem will allow us to answer a number of questions, e.g., the dependence of the con-ditions for the amplification of a magnetic field on the electric conductivity of plasma, on the velocity of a jump of electric conductivity, on the fluid velocity at the moving front of the electric conductivity jump, and on the symmetry of a magnetic field. On the other hand, an exact analytical solution to the problem of an amplification of magnetic fields in systems with distributed parameters can be obtained only in the class of self-similar solutions. In the case of the system with a finite electric conductivity the latter implies the constant magnetic Reynolds number ͑see Refs. ͓4,5,11,12͔͒. Note that when in a problem with moving boundaries a condition for self-similarity is not satisfied, evolution of such a system is accompanied by variation of spatial and time scales which renders a very involved description of the system.
In this study we still remain in the framework of the selfsimilar problem but consider a broader class of the magnetic fields and take into account the difference between the velocity of the front of an electric conductivity jump and a fluid velocity at this front. We will restrict ourselves to a kinematic level of description whereby thermodynamic processes associated with the variation of temperature, magnetic, and thermodynamic pressures are not considered. The main goal of the present study is to determine the thresholds for a fluid velocity and a velocity of the front of electric conductivity which are required for the amplification of the electromagnetic field with different configurations in systems with different geometries.
II. FORMULATION OF THE PROBLEM
The general scheme of the solution of the problem described above is as follows. Let a surface F(x,y,z,t)ϭ0 separate a region occupied by a conducting material from a region with an electric conductivity ϭ0. Let v ជ F be a velocity of a front F(x,y,z,t)ϭ0 which is determined by the equation
and u ជ is a material velocity at the front u ជ ϭu ជ (r ជ ,t)͉ F (x,y,z,t) 
Inside the domain occupied by a conducting material instead of Eq. ͑2͒ we have
Equations ͑2,3͒ must be supplemented with the Ohm's law for a moving medium which in the framework of the simple magnetohydrodynamic model can be written as follows ͑see, e.g., Ref. ͓7͔͒:
͑4͒
Hereafter we will consider only solenoidal fields, i.e., the following conditions are satisfied:
Equations ͑2,3͒ must be supplemented with the boundary conditions which for the systems with a finite electric conductivity reduce to the conditions of continuity of electric and magnetic fields at the surface F(x,y,z,t)ϭ0 and requirement for the absence of the external sources of electromagnetic field at infinity:
where subscripts ϩ and Ϫ denote values at different sides of the surface. The latter two conditions follow from the requirement for a vanishing flux of the electromagnetic energy at infinity. Equations ͑2,4͒ together with boundary conditions ͑6͒ and the condition of self-similarity of a solution, which will be specified below, completely determine ͑with an accuracy of a constant multiplier͒ a set of possible self-similar solutions. A boundary condition ͑6͒ yields a transcendental equation which allows to determine a condition for amplification of an electromagnetic field for a given configuration of the electromagnetic field and geometry of the system.
III. AMPLIFICATION OF MAGNETIC FIELDS IN CONFIGURATIONS WITH A CYLINDRICAL SYMMETRY
Consider a case with a cylindrical symmetry. Amplification of a magnetic field in systems with a cylindrical symmetry was investigated in the above mentioned studies ͓11͔, ͓12͔ and also in Refs. ͓4,5,13͔. In Ref. ͓13͔ we considered an infinitely long ideal conducting shell moving with a constant radial velocity ថ (t).
For the completeness of the exposition in the following we present briefly the results obtained in Ref. ͓13͔ . In the latter study we had considered a case when a magnetic field has only z-component H z directed along the axis of symmetry and the electric field has only an azimuthal component E . In physics of plasmas such a configuration is called -pinch symmetry ͑see Ref. ͓7͔, Chap. 8, Sec. 68͒. At the surface of an ideally conducting shell the first two conditions in Eq. ͑6͒ must be replaced by another condition
The latter condition follows from Eq. ͑4͒ at →ϱ. 
where a formula for a vector potential reads
where a 0 is a normalization constant, (t) and 0 are an instantaneous and the initial radii of the ideally conducting shell,
and F(␣ ,␤ ;␥ ;z) is a hypergeometric function ͑see, e.g., Ref.
͓14͔͒. Using Eqs. ͑8,9͒ electric E and magnetic H z fields can be presented as follows:
where ⌽ 0 is magnetic flux which remains constant in the case of compression by an ideally conducting shell ͑see, e.g., Ref.
͓1͔͒. I 0 is a constant which is determined by the following formula:
The latter expression can be easily calculated as a power series of the parameter ␤ 2 . In the zeroth approximation in the parameter ␤ 2 magnetic field H z remains homogeneous and A ϭ͓⌽ 0 /2(t)͔. The above solution describes the amplification of a magnetic field in the cylindrical cavity with ideally conducting walls which implodes with a constant velocity. These ''walls'' can be of a different nature, e.g., a shock wave front. The latter case is considered in the present study. Since the approximation of an ideal conductor implies that the dissipation processes are neglected in this study we considered a more general case with a finite electric conductivity.
Taking into account the above results ͓see Eq. ͑10͔͒ consider now a system with a finite electric conductivity. First we will study a case when a cylinder Ͻ (t) is occupied by a stationary dielectric material and a space outside the cylinder Ͼ (t) is occupied by a conducting material, e.g., plasma or conducting liquid, and (t) is the location of a shock wave front. Under the effect of the shock wave which moves with a speed ថ (t) a material is transformed into a conducting state due to ionization. Material velocity after the front of a shock wave u(,t)ϭu 0 (t)ū () where u 0 (t) is material velocity at the wave front, i.e., ū (1)ϭ1 and before the front uϭ0. Note that u 0 (t)ϵu" (t),t… ថ (t).
Let us write A as follows:
and for ⌽ using Eqs. ͑3͒, ͑4͒, and ͑8͒ we obtain the following equation:
͑12͒
Here ()ϭ(4/c 2 ) () (t) (t) 0 (t), Dϭ͓u 0 (t)/ (t)͔. Equation ͑12͒ was derived under an assumption that a magnetic Reynolds number for a front velocity is constant, i.e.,
and electric conductivity is given by (,t)ϭ 0 (t) (). Equation ͑13͒ implies the existence of a self-similar solution. Certainly the feasibility of such solution depends upon various physical parameters. When the behavior of the system is determined mainly by a motion of the boundary separating between the regions with different electric conductivity the solution at enough large times approaches the selfsimilar solution with magnetic Reynolds number 0 . It is conceivable to suggest that in a more general case the system can be described by matched self-similar solutions with different magnetic Reynolds numbers at different time intervals. In addition, the self-similar solutions allow us to determine the main parameters affecting the behavior of a system and validate the numerical solutions of the governing equations ͓Eqs. ͑2͒-͑6͒ in this study͔.
Consider now a case when after the shock wave front a material becomes incompressible, i.e., the sound velocity after the shock wave front is much larger than a material velocity. Assume that the ratio D of the material velocity at the wave front to the velocity of the wave does not change with time and that the temperature after the wave front does not change. The essence of the latter assumptions is that the variations of the parameters after the shock wave front are small compared with the jump of the thermodynamic parameters at the shock wave front. This assumption and the previous assumption about the incompressibility of the material after the shock wave front are valid for strong shock waves. Therefore ()ϭ1 and for the incompressible material (ٌ ជ
•u ជ ϭ0) after the wave front ū ()ϭ1/. The solution of Eq. ͑12͒ which tends to zero when →ϱ can be written as follows:
where ⌿(ā ,c ;z) can be expressed through Kummer's functions ͑see, e.g., Ref. ͓15͔͒:
⌫(z) is the gamma function and for c 0,Ϫ1,Ϫ2, . . . Kummers's functions can be written as power series
For ͉z͉ӷ͉ā ͉,͉c͉, function ⌿(ā ,c ,z) has the following asymptotic behavior ͑see, e.g., Ref. ͓15͔͒: ⌿͑ā ,c ;z ͒ϳ 1
Thus according to Eq. ͑14͒ ⌽ ()ϰ ␥ . Therefore, the requirement that a vector potential vanishes for →ϱ, yields a condition ␥Ͻ0. For ␥Ͼ0 the electromagnetic field does not vanish at →ϱ.
In the region Ͻ(t), a vector potential A is determined by Eqs. ͑2,8͒ and can be represented as follows:
The continuity of electric and magnetic fields at the boundary ϭ1 ͓Eq. ͑6͔͒ reduces to the condition of the continuity of the function (‫()ץ/ץ‬log A ) and yields the following transcendental equation which determines a dependence of the parameter ␥ on 0 and D:
The dependence of the exponent ␥ vs a magnetic Reynolds number 0 and D obtained from the numerical solution of Eq. ͑19͒ is shown in Fig. 1 . Intersection of the curve with 0 axis determines the threshold value of 0 which is required for an amplification of a magnetic field, i.e., an increase of the total energy of a magnetic field in the domain Ͻ (t). At the threshold value of 0 the rate of a mechanical work performed against the ponderomotive forces equals the joule dissipation rate. Since the rate of a mechanical work performed against ponderomotive forces is determined by a fluid velocity and not by the propagation speed of a front, a parameter which determines this work is 0 D. For small values of D ͑see Fig. 1, curve 4͒ , amplification of a magnetic field does not occur even at 0 →ϱ, i.e., propagation of the electric conductivity front without a fluid flow is not accompanied by the amplification of a magnetic field.
Another case of an amplification of a magnetic field that can be realized with the same symmetry of an electromagnetic field which is determined by Eqs. ͑8,11͒ is when a conducting fluid ͑e.g., plasma͒ occupies an internal region Ͻ (t). In this case in the internal region an electromagnetic field is determined by Eqs. ͑3,4͒ and in the external region one can assume Hϭ0 similar to the case of an infinite solenoid. Thus the boundary condition in this case reads:
Under the assumptions that the temperature dependence of the electric conductivity can be described by Spitzer's formula ϰT 3/2 , such a problem was studied in Ref. ͓12͔ . For comparison consider here a case when an electric conductivity during implosion does not change and plasma density (t) is spatially homogeneous. Using a continuity equation ϩٌ ជ
•(u ជ )ϭ0 we find that ū ()ϭ, (t) ϭ 0 0 2 / 2 (t), where 0 is density at tϭ0. Then Eq. ͑12͒ yields
In deriving Eq. ͑21͒ we assumed for simplicity that the velocity of an electric conductivity jump and a velocity of fluid at the front are equal, i.e., Dϭ1. Nonsingular at ϭ0 solution of Eq. ͑21͒ is given by a Bessel function of the first order ͑see, e.g., Ref. ͓14͔͒:
A magnetic field according to Eq. ͑8͒ is given by the following formula:
and electric field
where J 0 is a Bessel function of zero order. A requirement ͓Eq. ͑20͔͒ H z (1)ϭ0 according to Eq. ͑23͒ can be met only for real values of the argument of a Bessel function, and thus, ␣ 2 Ͼ0. Let ␣ k be roots of equation J 0 (␣)ϭ0. Then according to Eq. ͑22͒ a growth rate of a magnetic field is given by
Note that when 0 Ͼ0, (t)/ 0 Ͼ1, and Eqs. ͑23,24͒ show that ␥Ͼ0 corresponds to amplification of the electromagnetic field while for 0 Ͻ0, (t)/ 0 Ͻ1, and amplification of the electromagnetic field corresponds to ␥Ͻ0.
Then Eq. ͑25͒ shows that there exist three characteristic regions of parameter 0 . A region 0 Ͼ0 corresponds to an expansion, and since then ␥Ͻ0 amplification does not occur. In the region Ϫ␣ k 2 Ͻ 0 Ͻ0 according to Eq. ͑25͒ ␥Ͼ0, and there is also no amplification. Thus an amplification of a magnetic field occurs only in the region 0 ϽϪ␣ k 2 ͑note that a minimum value of a root ␣ 0 ϳ2.401͒. In this region the rate of the work performed against the ponderomotive forces is sufficiently large to compensate joule losses.
IV. AMPLIFICATION OF A MAGNETIC FIELD DEPENDING ON AZIMUTHAL COORDINATE
Another configuration of a magnetic field which can be realized in systems with a cylindrical symmetry is when an electric field is directed along the z axis ͑z-pinch symmetry͒. Two cases must be considered here. The first case is when an electric field does not depend on , and when there is only one nonzero component of a magnetic field H . The second case is when an electric field does not have an azimuthal symmetry and there are two components, H and H . Amplification of a magnetic field in a configuration with azimuthal symmetry of electric field was investigated in Ref.
͓4͔ where a condition for a spontaneous excitation of a magnetic field was determined. In a linear problem a condition for an excitation of a magnetic field does not depend upon the magnitude of a magnetic field and, therefore, a condition for a spontaneous excitation of a magnetic field and a condition for an amplification of a magnetic field are equivalent. In Ref. ͓4͔ it was shown that an amplification of a magnetic field occurs not during implosion of a cylindrical conductor but during its expansion. The physical mechanism for such behavior is as follows. When a conducting material occupies a region Ͻ (t), and electric current inside it is directed along the z axis, ponderomotive forces act to compress a conductor. Since for an amplification of a magnetic field a work must be performed against ponderomotive forces, an amplification of a magnetic field occurs during expansion of a conductor.
Consider now an amplification of a magnetic field in configurations with azimuthal dependence of an electric field. When in systems with z-pinch, the electric field depends upon the azimuthal coordinate, i.e., when ‫ץ‬E z ‫ץ/‬ 0, a magnetic field in addition to a component H has also a radial component H . In Ref. ͓13͔ a configuration of such an electromagnetic field was determined and its dynamics inside an imploding ideally conducting shell was analyzed. The obtained results are briefly summarized in the following. An expression for a vector potential A ជ ϭ(0,0,A z ) reads
where as previously ␤ϭ (t)/c ͑ (t) is an implosion velocity͒ and F(␣ ,␤ ;␥ ;z) is a hypergeometric function. Solution ͑26͒ satisfies boundary condition ␥⌽ m (1)ϭ0 which can be derived from E z ϩ (t)/cH ϭ0 ͓compare with condition ͑7͔͒. Magnetic fields H and H are determined by the equations
and electric field E z by Eq. ͑8͒. Thus we find that
where
Now consider a case with a finite electric conductivity. Assume first that a region inside a cavity Ͻ (t) is occupied by a stationary dielectric while a space outside the cavity Ͼ (t) is occupied by a conducting material. Then vector potential inside the cavity is determined by Eq. ͑2͒ and outside the cavity by Eqs. ͑3͒-͑5͒. In both regions it can be written as follows:
Eqs. ͑3͒-͑5͒ yield an equation for ⌽ m (). In the case of an incompressible conducting material, the equation of continu-
͑29͒
Solution of the latter equation vanishing at →ϱ can be written as follows:
and ⌿(ā ,c ,z) is determined by Eq. ͑15͒. Taking into account an asymptotic behavior ͑17͒ it is easily seen that ⌽ m ()→0 when →ϱ, provided that ␥Ͻ0. This condition implies that the self-similar solution which satisfies the boundary conditions exists only in the case of an expanding dielectric domain ͓Ͻ (t), (t)Ͼ0͔. In the latter case a condition ␥Ͻ0 corresponds to the attenuation of electromagnetic field. The existence of the self-similar solution for (t)Ͻ0 and ␥Ͻ0 is impossible. Indeed, its existence would imply that in the case with a finite conductivity ͑with joule losses͒ the vector potential A z grows faster than in the case of the ideal conductor where according to Eq. ͑26͒ ␥ ϭ0. Since in this case a transcendental equation for a growth rate does not allow to obtain the analytical dependence ␥ ϭ( 0 ), it is not presented here.
Consider now another case when a field depends upon azimuthal coordinate, and a conducting material occupies a region Ͻ (t). In this case the analytical dependence ␥ ϭ( 0 ) can be obtained. Skipping a case with D 1, consider a solution when a fluid velocity at the front of an electric conductivity jump and a speed of the front propagation are equal. Similar to the previous analysis assume that a solution for A z is given by Eq. ͑28͒, density of fluid is spatially homogeneous and an electric conductivity of fluid does not change during implosion. Then Eq. ͑29͒ becomes ͓(ū ()ϭ, Dϭ1͔: This completes our analysis of configurations with a cylindrical symmetry. In the following we analyze amplification of electromagnetic fields in spherical geometry.
V. AMPLIFICATION OF MAGNETIC FIELDS BY A SPHERICAL SHOCK WAVE
Consider an amplification of an electromagnetic field by a spherical shock wave. It is known that at the advanced stage of the implosion, the converging spherical shock wave can be described by a self-similar solution ͑see Ref. ͓16͔, Chap. 10, Sec. 107͒. Assume that after the shock wave front a fluid is transformed into a conducting state with a constant electric conductivity while a space before the shock wave front r ϽR(t) is occupied by a stationary nonconducting fluid. As was pointed out above, the stronger the shock wave the less significant is the variation of the electric conductivity after the shock wave front in comparison with a jump of the electric conductivity at the shock wave front.
According to Ref. ͓16͔ the self-similar solution for a fluid velocity after the shock wave is given by the following expression:
where R(t) is the speed of a shock wave front, u 0 (t) is a fluid velocity at the shock wave front, and the power ␣ depends upon the ratio of specific heats c P /c V .
